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Singular Fibers in Barking Families of 
Degenerations of Elliptic Curves 



: Takayuki OKUDA 



Abstract 



Takamura |Ta3j established a theory on splitting families of degenera- 
tions of complex curves. He introduced a powerful method for constructing 
a splitting family, called a barking family, in which there appear not only a 
O: singular fiber over the origin but also singular fibers over other points, called 

\ subordinate fibers. In this paper, for the case of degenerations of elliptic 

curves, we determine the types of these subordinate fibers. Q Q 

1 Introduction 

> 

Let it : M -> A be a proper surjective holomorphic map from a smooth complex 
surface M to an open disk A := {s G C : \s\ < 5} (5 > 0) on C. We call ir : M -»■ 
A a family of complex curves of genus g > 1 if all but a finite number of fibers 
of 7r are smooth complex curves of genus g. In particular, n : M — > A is called 
a degeneration (or degenerating family) of complex curves of genus g if the fiber 
Xq := 7r _1 (0) over the origin is singular and the other fibers X s := 7r _1 (s) (s ^ 0) 
are smooth. 

In this paper, we are interested in the problem: How does the singular fiber split 



in a deformation? Let us recall the concept of splitting families of degenerations. 
Let Ai be a smooth complex 3- manifold and set At := {i€ C : \t < e} (e > 
0), a sufficiently small disk. Consider a proper flat surjective holomorphic map 
$ : M -> A x A f . For any t G A 1 ", set A t := A x {i}, M t := ^ _1 (A t ) and 
T\ t '■= ^\ M '■ M t — > A t . Suppose that 7r : M — >■ A coincides with a given 
degeneration 7r : M — > A. Then we call \& : M. — > A x A^ a deformation family of 
the degeneration 7r : M — > A. In particular, \I/ : A'l — > A x A"^ is called a splitting 
family if for any ( G A*\ {0}, 7r t : M t — > A t is a family of complex curves with 
at least two singular fibers. In this case, setting X s>t := \I/ _1 (s,t), we say that 
the original singular fiber X in M (that is, X 0i o in M ) sp/zis into singular fibers 
X Sl>t ,X S2jt ,...,X SNjt in M t (t^0). 
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To classify atomic degenerations — degenerations admitting no splitting family 
- Takamura |Ta3] gave a powerful method for constructing splitting families. 
Splitting families obtained by this construction are called barking families. In a 
barking family, the original singular fiber X splits into a singular fiber over the 
origin (the main fiber) and other singular fibers (subordinate fibers). Takamura 
describes the main fiber explicitly in such a way that a part of the original singular 
fiber X looks "barked" (peeled) off from X . See Figure [2] in Section [2j 

In this paper, for the case of degenerations of elliptic curves (complex curves 
of genus 1), we will almost completely describe the subordinate fibers appearing 
in barking families. In Section [2j we first review Takamura's theory on barking 
deformations, mainly for degenerations with stellar (star-shaped) singular fibers. 
In fact, most of the degenerations of elliptic curves may have stellar singular fibers. 
In Section [31 we will give the main theorem — a list of barking deformations, 
which describes the types of singular fibers appearing in them. To obtain the list, 
in Section HJ we determine the types of subordinate fibers. We focus on the sum 
of the Euler characteristics of singular fibers and give a list of combinations of 
subordinate fibers that can appear for each deformation. Then we determine their 
types (except for some deformationg^]) in two ways: (1) by compairing the traces of 
their monodromies and (2) by investigating the number of the subordinate fibers 
and that of their singularities. 

Acknowledgements The author would like to express his deep gratitude to 
Shigeru Takamura for fruitful discussions. The author would also like to thank 
Masaaki Ue and Osamu Saeki for helpful comments and suggestions. 



2 Takamura's theory 

In this section, we review Takamura's theory on barking deformations. For details 
see |Ta3j . 

First we shall recall the concept of linear degenerations. We begin with prepa- 
ration. Let it : M — > A be a degeneration of complex curves of genus g > 1 and 
express its singular fiber as X = rriiQi, where 0« is an irreducible component 
of X with multiplicity mj. We call 7r : M — > A (or X Q ) is normally minimal if 
the following conditions are satisfied: (i) Any singularity of the underlying reduced 
curve X 0tre( i := J2i °f -^o is a node, (ii) If Oj is a (— l)-curve (an exceptional 
curve of the first kind), then Bj intersects other irreducible components at at least 
three points. In what follows, we assume that any given degeneration 7r : M — > A 
is normally minimal, 

1 See (4.8), (5.3), (5,4) and (7.2) in the list of Theorem EQ 

2 In |Ta2j and |Ta3j . we define linear degenerations for the case that Xo, r e<i has at most 
simple normal crossings, that is, (i) any singularity of Xo^ rec [ is a node and (iii) any irreducible 
component 0^ is not self-intersecting. Note that all normally minimal degenerations of elliptic 
curves but of type ml\ satisfy the condition (iii). 
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For an irreducible component Oj of X , we denote by iVj the normal bundle of 
0j in M. Let {p^pf^, • • -pf^} be the set of the intersection points on 0j with 
other irreducible components of X and (j = 1, 2, . . . , h) be the mulitiplicity of 
the irreducible component intersecting 6j at pp\ Then there exists a holomorphic 
section o { of the line bundle N^~ mi ^ suc h that 

3=1 

where div(<jj) denotes the divisor defined by <7j. Here <Tj has a zero of order mS^ 
at pp'\ Note that <7j is uniquely determined up to multiplication by a constant. 
We call Oi the standard section of ]\[®(~ m ^ n 0.. 

Take an open covering 0, = |J a f/ a such that U a x C is a local trivialization of 
the normal bundle iVj on 0j. We denote by (z a , ( a ) coordinates of U a x C. Now 
define a holomorphic function n^ a : [7 Q x C — > C by 

where o~i ta is the local expression of <Xj on £/ Q . Then the set {^i, a } a of holomorphic 
functions defines a global holomorphic function 7Tj : iVj — > C. 

Definition 2.1. A degeneration 7r : M — > A is called linear if for any irreducible 
component 0j of its singular fiber Xo, 

(1) a tubular neighborhood iV(0j) of 0j in M is biholomorphic to a tubular 
neighborhood of a zero-section of the normal bundle N it and 

(2) under the identification by the biholomorphism of (1), the following conditions 

are satisfied: 

(a) The restriction n\ N , e .-< coincides with the holomorphic function 7Tj de- 
fined above. 

(b) If 0j intersects 0j at a point p, then there exist local trivializations 
U a x C of Ni and Up x C of Nj around p such that neighborhoods of p 
in iV(Oj) and N(Qj) are identified by plumbing (z a Xa) = (C/?;- 2 /?) an d 
7r is locally expressed as 

where (z a , ( a ) e U a x C and (zp, (p) e Up x C. 

Remark 2.2. Any degeneration of complex curves (possibly, not normally mini- 
mal), after successive blowing up and down, becomes a degeneration toplogically 
equivalent to some linear degeneration. 
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Figure 1: A sigular fiber of type II* of a degeneration of elliptic curves is 
stellar. Each circle denotes a projective line, the number stands 
for its multiplicity, and each intersection point is a node. 

If 7r : M — > A is linear, then we may express M locally as a hypersurface in 
some space as follows: We first identify M with the graph of 7r in M x A 

Graph(vr) = {(x, s) E M x A : ir(x) - s = 0} 

via the natural projection Graph(7r) 3 (x, s) — y x € M. Recall that for any 
irreducible component Oj of the singular fiber Xq, the map 7r is expressed around 
0j as 

n(z i ,( i ) = a i {z i )CF, 

where Oi is the standard section of N®(~ nh ') on Oj. Then we obtain the local 
expression of M around Of 

Hi-. - s = in^xA. (2.1) 

Note that these hypersurfaces are glued around their intersection points by plumb- 
ing (zj, Q, s) = (Ci, Zi, s) where (^, 0, s) G JVj x A and (zy, Cj, s) G iVj x A. 

For a linear degeneration 7r : M — > A, its singular fiber X consists of three 
kinds of parts: cores, branches and trunks. A irreducible component 0j of X is 
called a core if (a) 0, intersects other irreducible components at at least three 
points or (b) 0j is not a projective line. A branch is a chain Yli ^i0i of projective 
lines attached with a core on one hand, while a trunk is a chain ^i m *®« °f 
projective lines connecting other irreducible components on both hands. We say 
that Xq is a stellar singular fiber if X consists of a core and branches emanating 
from it. See Figure HJ Otherwise X is said to be constellar. 

We obtain a 'degeneration' whose singular fiber is a fringed branch of length A 
as follow: Let m , mi, ... , mA+Jl (A > 1) be nonnegative integers such that 

m > mi > • ■ • > m\ > mx+i = and 

j-j := (mj_i + m i+ i)/m.j is an integer greater than 1 (i = 1, 2, . . . , A). 

3 In this paper, by convention, we append m\ + i = to the positive integers mo, mi, . . . , m\ 
(see |Ta31 Section 5.1, p. 85), so that r\ := (mx-i + I m\ equals m\-i/m\. 
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We take A copies 9i, 9 2 , . . . , ©a of the projective line. Let ©j = C/j U Vi be a open 
covering by two complex lines Ui, Vi (= C) with coordinates Wi G Ui and Zi G Vi 
satisfying Z{ = 1/wi. Next we obtain a line bundle iVj on ©j of order — from 
Ui x C and x C by identifying (zj, Ci) G V* x C with (tUj, 77*) G Ui x C via 

9i ■ z% = — , C» = W I <7 /V 
Now consider the hypersurface Wi in iVj x A defined by 



if* : w™ 1 - 1 ^ -s = 0, in C/j x C x A, 
. ^+1^ _ s = o, in x C x A. 



(2.2) 



Under the plumbings (lUi+i, ?7i+i, s) = (C«, Z{, s) of iVj and N i+i (i — 1, 2, . . . , A — 1), 
the hypersurfaces W 7 !, W 2 , ■ ■ ■ , Wa are glued, so that they together define a smooth 
complex surface M. Letting ir : M — > A be the natural projection, the central 
fiber is 

7r _1 (0) = m C + mi©i + m 2 2 H h m A @ A - 

Thus: 

Lemma 2.3. Let m , m 1? . . . , m A+1 (A > 1) be integers satisfying the following 
conditions: 

»„>»,>■ ..>mx> mwl =0. 

:= (mj_i + m i+ i)/mi is an integer greater than 1 (2 = 1, 2, . . . , A). 

Then there exists a degeneration with the singular fiber 

X = m A + toi©i + m 2 @ 2 H h m A ©A, 

where A an open cfoA; and @i, 2 , . . . , ©a are projective lines such that each 
pair of 0j and ©j+i (i = 1, 2, . . . , A — 1) and A and ©1 intersect transversely at 
one point. 

Next we define a special subdivisor of stellar singular fibers. Let 7r : M — > A 
be a linear degeneration of complex curves with the stellar singular fiber Xo = 
mo©o + Sj=i Br^, where @ is the core and Br (i) (j = 1,2,..., h) is a branch. 

Express as Br (j) = m^©^ + m^©^ + • • • + m^Q^ and let Br 0) = m A ( j) + 
m 0')Q(i) _|_..._|_ m ffl 9^) be a fringed branch. Consider a connected subdivisor 
y = 7i e + £j =1 br ') of X , where br (j) := n<? ] Q<? ] + n ( 2 j) Q ( 2 j) + ■ ■ - + n%<d% {j = 
1,2, ... ,h). Here Y satisfies < < and < nf^ < for each i and j. 
Set br 3 := noA^ + n^0^ + n 2 ^Q 2 ^ + ' ' ' + n ^o)©^o)- For the time being, we 

focus on Br^ and br^\ omitting the superscript (j) to simplify notation. We call 
br a subbranch of Br if one of the following conditions is satisfied: 
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(1) v = 0, 1, or (2) v > 2 and n i+1 = r^i — n^i (i = 1, 2, . . . , v — 1), 

where r^ := (mj_i + mj +1 )/mj (see (#) in Lemma |2"U|) . Inductively set n u+ i : = 
r u n v — n v _i (y > 1). If v = 0, then we set n^ +1 = nx := 0. Next define the three 
types of subbranches for a positive integer I as follows: 

Type A[. A subbranch br of Br is of type Ai if Irii < rrii for each i and n v+ \ < 0. 

Type B\. A subbranch br of Br is of type B\ if Irii < rrti for each i, n u = 1 and 
m u = I. 

Type Ci. A subbranch br of Br is of type Ci if /n, < m; for each i, n v = n u+ i and 
tti u — m u+ i divides 

Now we return to a connected subdivisor Y of the stellar singular fiber Xo. 

Definition 2.4. Let Y = n Q + Ylj=i ^ e a connected subdivisor of X such 

that n < mo and each br^ J is a subbranch of Br''"'^. Then Y is called a crust of X 
if there exists a meromorphic section r of the line bundle A^f n ° on Bo such that 
for some nonnegative divisor D = Yli=i a «<?« on ®o> 

h 

div(r) = + D, 

where N denotes the normal bundle of Go in M, {p^} is the set of the attachment 
points on Bo with the branches Br^. Moreover, for a positive integer /, if each 

br^ is a subbranch of Br^ of either type Ai, type Bi or type C/, then we call Y 
a simple crust of Xo with barking multiplicity I. 

We call the meromorphic section r a core section. Note that r is not uniquely 
determined by Y. Setting r := Y^=i m i^/ m o an d r' Q := Ylj=i n i / n o, the follow- 
ing holds: 

Lemma 2.5. Suppose that B «s a projective line. Then a connected subdivisor 
Y is a crust of Xq (equivalently, Y has a core section r) if and only if ro < r' . 
Moreover r has no zero, that is, D = exactly when ro < r' . 

Now we state Takamura's theorem: 

Theorem 2.6 (Takamura [Ta3]). Let tt : M — > A be a linear degeneration with 
the stellar singular fiber Xq. If Xq has a simple crust, then tt : M — > A admits a 
splitting family ^ : M — > A x A" 1 " . 

Takamura constructed a deformation familly of 7r : M — > A associated with 
a simple crust Y, which turns out to be a splitting family. We call it a barking 
family associated with the simple crust Y and this construction is called a barking 
deformation. For a singular fiber X Sit := \I /_1 (s,t) (t ^ 0) in a barking family, we 
say that X^ is the main fiber if s = 0, and a subordinate fiber if s 7^ 0. In other 
words, the original singular fiber splits into the main fiber and subordinate fibers. 
Takamura describes the main fiber X o t explicitly in such a way that the simple 
crust Y looks "barked" (peeled) off from the original singular fiber Xo. See Figure 

m 
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Figure 2: In a barking family, the singular fiber of type II* splits into the main 
fiber of type III* and some subordinate fiber. It seems that the simple 
crust is "barked" (peeled) off from the original singular fiber. 

Kodaira's notation Before proceeding, we include Kodaira's list of singular 
fibers of (relatively) minimal degenerations of elliptic curves [Ko] . See Table [T] 
below. 

For a singular fiber X, we denote by e(X) the topological Euler characteris- 
tic of the underlying reduced curve of X. Let A x € SL(2, Z) be the standard 
monodromy matrix of X and Tr(Ax) denote the trace of Ax- Note that singular 
fibers of type 77, III, IV are not normally minimal. After successive blowing up, 
they become normally minimal. On the other hand, The other singular fibers are 
normally minimal. 

3 Main result 

Takamura showed the list of simple crusts (and weighted crustal sets) for barking 
deformations for degenerations of complex curves of genera up to 5. See Chapter 26 
of |Ta3] . As we saw in Section [21 barking deformations explicitly describe the main 
fibers appearing in barking families. On the other hand, it is not clear what types 
of subordinate fibers will appear. The aim of this paper is to show the description 
of subordinate fibers in these barking families for the case of degenerations of 
elliptic curves (complex curves of genus 1). 

In what follows, if the original singular fiber X splits into the main fiber X Q t 
and subordinate fibers X si>t , X S2j4 , . . . , X SN;t , then we express 

Ao — > X 0jt with A si)t + X S2>t + • ■ ■ + A SjVjt 

to distinguish X 0jt from the others. We denote the types of singular fibers of genus 
1 in Kodaira's notation. See Table [TJ 
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Table 1: Kodaira's notation. 





the singular fiber X 


e(X) 


A x 


Tr(A x ) 


mIo(m > 2) 


a multiple torus 





(I 0\ 


2 


mil 


a (multiple) projective line 
with one node 


1 


(o 


2 




(m) i 








ml n (n > 2) 


(m) 


n 


(o 3 


2 


II 


a projective line 
with one cusp 


2 




1 


III 


two projective lines 
with second order contact 


3 







IV 


three projective lines intersecting 
transversally at one point 


4 


(-i -0 


-1 


T* 


Or® 


6 


(:! o) 


-1 


I* 

n 


oP® 


6 + n 




-1 












IP 


@Tv3)0@(2XD 


10 




1 












IIP 




9 


c o 1 ) 















IV* 




8 


o 1 ) 


-1 
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Theorem 3.1. For degenerations of complex curves of genus 1 (that is, elliptic 
curves), the types of subordinate fibers in the barking families listed in [Ta3] are 
presented in the following list: 



(1.1) II — > h with I 




(1.2) II — > h with I 




(2.1) II* — y III* with A 




Y (T) 



(2.2) II* — y IV* with II 




(T/ 3 Y^®® 



9 




(2.4) //* — > h with + + + + I 




y m 
@f 5 )© 





10 



(2.7) II* — ► J 8 with h + h 




Y, Y 2 (1) Y 3 (1) 

(TY i XO0®ODCO @( 2 XQ ®( 3 X 2 Xl 
© ® 

Y 4 @ Y 5 @ Y 6 (3) 

fiY 3 V?) f3 Y 4 V3Y2YT) CTY 5 Y4Y3 Y2 YT 



(2.8) J/* — ► 111* with fx 




Y . — 2=3 

(IX 1 XDCD® 



(2.9) II* — > III* with Ji 




(3.1) III — > I 2 with Ji 




(lK 1 ) 
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(3.2) III — > h with J 2 




(3.3) III — > I 2 with h 




(4.1) III* — > IV* with I 




(4.2) III* — > I* with h 




(2J 2 A 2 \2'i2) 



(4.3) III* — > I* 2 with h 
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(4.4) III* — > I* with h + h + h 




(4.5) III* — > h with h + h + A 




(4.6) Ji7* — >■ J 2 * with i" 




®CU( 1 XD® 



(4.7) — > h with A + h 




( 2 )@(2) ®© 3 J@® 



13 



(4.8) II I* — > h with (// + h, I 2 + h or h + h + h) 




2 )(7) ©© 3 xdod 



(4.9) IIP — > IV with ii 




01 1 X. 1 ) 



(5.1) IV — > h with I 




(5.2) IF — > I 2 with A + h 




Y 

(DC 2 ) 
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(5.3) IV — > I 2 with (II or I x + h) 




(5.4) IV — > II with (II, I 2 or h + h) 




(6.1) IV* — > II with I 




Y (1; 
(10 J 1 ) 



(6.2) IV* — > 7 * with Ji + /; 




(2 Y 2 



15 



(6.3) IV* — > h with h + I 




16 



(8.1) I* — > with h 




(8.2) I* — > J„ +4 with h + A 




Remark 3.2. (1) The list in Theorem 13 . 1 1 does not contain singular fibers of type 
ml n . In fact, ml n splits into m/„_i and I\ by another deformation. For details 
see [Talj . (2) In Section [21 we reviewed only barking deformations associated with 
one simple crust for stellar singular fibers. For details of "compounding" barking 
like (2.6), (2.7), (4.7) and (4.8), and barking for "constellar" singular fibers like 
(8.1) and (8.2), see [Ta3] . 

4 Determination of subordinate fibers 

In this section, we will determine the types of subordinate fibers appearing in bark- 
ing families listed in Theorem 13.11 First we recall results on Euler characteristics 
of singular fibers, which gives us the sum of the Euler characteristics of the sub- 
ordinate fibers. And then we will approach to determination of their types in two 
ways: (1) by compairing the traces of their monodromies and (2) by investigating 
the number of the subordinate fibers and that of their singularities. 

4.1 Euler characteristics of subordinate fibers 

First we recall results on Euler characteristics of singular fibers of degenerations. 
We denote by e(X) the (topological) Euler characteristic of the underlying reduced 
curve of a singular fiber X. 
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Lemma 4.1. Let tt : M — > A be a degeneration of complex curves of genus g with 
the singular fiber Xq and let : M — > A x A+ be a splitting family of tc : M — > A. 

(1) If if? : M — > A x A^ splits Xq into Xi,X 2 , . . . ,X N in M t , then the following 
formula holds: 

N 

e(X ) - 2(1 -g) = 5>(*) - 2(1 - g)}. (4.1) 

i=i 

(2) Moreover, if g = 1 (for which tt : M — > A is a degeneration of elliptic curves), 
then the following holds: 

N 

e(X ) = J2<X l ). 

i=l 

Proof. (1) The left hand side of (14.11) equals to the Euler characteristic e(M) of 
M, while the right hand side equals to e(M t ) (see p. 97 of |BP V] ) . Since M t is 
deffeomorphic to M, we have e(M) = e(M t ), which confirms the assertion. (2) 
follows from (1) clearly. □ 

Recall that for a singular fiber X 8) t := \l/ _1 (s,t) (t ^ 0), we call X s>t the main 
fiber if s — 0, and a subordinate fiber if s ^ 0. In these terminologies we restate 
(2) of Lemma [4.11 as follows: 

Corollary 4.2. Let n : M — > A be a degeneration of elliptic curves with the 
singular fiber X . Suppose a splitting family \& : Ai — > A x A' of it : M — > A 
splits X into the main fiber X 0tt and subordinate fibers X Sltt ,X S2tt , . . . ,X SNtt in 
M t . Then the sum of the Euler characteristics of the subordinate fibers is 

N 

J2e(X Si , t ) = e(X )-e(X , t ). 

i=i 

Note that if X is a singular fiber of a degeneration of elliptic curves except 
a multiple torus, then e(X) > 1 where the equality holds exactly when X is a 
Lefschetz fiber of genus 1 (a projective line with a node). This fact together with 
Corollary 14.21 yields the following: 

Lemma 4.3. Let n : M — > A be a degenreration of elliptic curves with the singular 
fiber Xq. Suppose a splitting family $ : M -> A x At of n : M — > A satisfies 

e(X Q ) - e(X 0>t ) = 1. (4.2) 

Then X splits into the main fiber X 0tt and a subordinate fiber X Stt that is a Lef- 
schetz fiber of genus 1 (a projective line with a node). 

Remark 4.4. Note that multiple tori (whose Euler characteristics are 0) do not 
appear as subordinate fibers. In fact, any subordinate fiber appearing in any 
barking family has only A- singularities. See Lemma 14.131 

Fortunately, many barking deformations in the list of Theorem 13.11 satisfy (14. 2p . 
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(The case e(X ) — e(X ot ) = 1) The subordinate fiber appearing in each of 
the following deformations is I\\ 



1.1 



2.1 



2.6 



2.9 



3.1 



4.1 



4.6 



5.1 



6.1 



6.4 



II — > 1 1 with 1 1 



IV 



II* 



II* 



III* 



III* with ii 



7* with ii 



IIP with h 



III — y I 2 with Ji 



7/7* — ► IF* with Ji 



1 2 with 



/V — y I 3 with Ji 



JV* — ► II with Ji 



IV* — > I* with h 

I* — ► With /i 



1.2) 77 — ► Ji with Ii 



(2.5) J/* — 


-y 1% with Ii 


(2.8) II* — 


->■ J J/* with Ji 


(3.3) /// — 


-» J2 with /1 


(4.3) III* - 


— y I2 with Ji 


(4.9) III* - 


-> / V with Ji 



If e(X ) — e(X 0j t) > 2, then we need another criterion to determine the types of 
subordinate fibers. But by Corollary 14.21 we can narrow down candidates. 

• (The case e(X ) — e(Xo } t) = 2) The subordinate fiber appearing in each of 
the following deformations is one of II, I 2 and I\ + I\\ 

(2.2) II* — y IV* with ? 

(2.7) IP — y Is with ? 
(3.2) III — > h with ? 
(4.2) III* — y I* with ? 
(5.2) IV — y h with ? 
(5.4) IV — y II with ? 
(6.2) IV* — y I* with ? 

(7.1) I * — y h with ? 

(8.2) /* — > I n+ 4 with ? 

• (The case e(Jf ) — e(X ^) = 3) The subordinate fiber appearing in each of 
the following deformations is one of III, I3, II + I\, I2 + h and 7i + Ji + 1\\ 

(4.4) III* — y Jp with ? (4.5) III* — y h with ? 

(4.8) JLT — y h with ? 
(7.2) /* J 3 with ? 



(2.3) 77* — 


-y I* with ? 


(4.7) III* - 


— )• J 7 with ? 


(5.3) /V — 


■> J 2 with ? 


(6.3) IV* - 


— >■ /6 with ? 
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• (The case e(X ) — e(X ot ) = 5) 
(2.4) II* — > h with ? 

4.2 Monodromies around subordinate fibers 

Next consider the monodromies around singular fibers appearing in splitting fam- 
ilies. 

Let 7r : M — > A be a (relatively) minimal degeneration of elliptic curves with 
the singular fiber X . We take a base point * on A \ {0} and a loop (simple closed 
curve) I in A \ {0} passing through * and circuiting around the origin with a 
counterclockwise orientation. Then vr _1 (/) is a real 3-manifold and the restriction 
7r : 7r _1 (/) — > I is a S-bundle over S 1 , where S = 7r _1 (*) is a smooth fiber, that 
is, a elliptic curve. Here vr _1 (/) is obtained from E x [0, 1] by the identification of 
the boundaries £ x {0} and £ x {1} via a orientation-preserving homeomorphism 
h. The isotopy class of h is called the topological monodromy around Xq. Then 
h induces an automorphism p := h* on f/i(£,Z), which is called the monodromy 
around Xq. Under an identification of S and IR 2 /Z 2 , fixing the generators of 
ifi(S, Z), we may express p as an element of SL(2, Z). 

Next suppose that $ : M -)■ A x AUs a splitting family of the degeneration 
Ti : M A, say, tt< : Af< A (i ^ 0) has singular fibers X x , X 2 , . . . , X N (N > 2). 
Then we express X — )• X x + X 2 + ■ • • + X^r. Now we determine the (local) 
monodromy p^ e SL(2, Z) around each sigular fiber Xfc(fc = 1,2,..., X) as follows: 
Set Sk := n (X k ). We take loops in A \ {si, s 2 , . . . , sjv} passing through * and 
circuiting around s k with a counterclockwise orientation. Then the loop Ik induces 
the local monodromy p k G SL(2, Z) around X k in 7T t : M t — > A. Possibly after 
renumbering, we may assume that l\\2 • • • In is homotopic to / 

The following is known: 

Lemma 4.5. (1) In SX(2,Z) ; each of p,pk is conjugate to the standard mon- 
odromy matrix of some type of singular fibers (see Table^j. 

(2) 

P = P\P2 ■ ■ -Pn, (4-3) 

where we take such monodromy representations that the multiplication in 
(14. 3 p coincides with that in SX(2,Z). 



We prepare notation. Note that SL(2, Z) = (a, b | a 3 = b 2 = — /) is generated 

by 



Setting 



(/ : ! ^ j and 6 := ( ® 



.s„ : rj _1 6 = ( J j and s 2 := &a 1 = ( _^ Q 



The notations sq and S2 stand for |FMj . in which s\ :— aba. 
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then s and s 2 are also generators of SX(2,Z): indeed we have a = s s 2 and 
b = s S2So = S2S0S2. Since S2 = so^so^o^)" 1 , S2 is conjugate to Sq. Note that s 
is the standard monodromy matrix of singular fibers of type I\. 

Next we express the standard monodromy matrices of singular fibers as a prod- 
uct of s and s 2 as follows (see [U]): 



h 


(soT 


II 


S0S2 


III 


So s 2Sq = S2SqS 2 


IV 


SoS2SqS 2 


II* 


(■S0S2) 5 


IIP 


(SQS2) S Q 


IV* 


(s s 2 ) 4 


I* 

n 


(s S2) 3 (s ) n . 



The number of So and s 2 of each product above coincides with the Euler character- 
istic of the corresponding type. Note that the singular fiber of any degeneration of 
elliptic curves but of type mlo (m > 2) splits into singular fibers of type ii (whose 
the Euler characteristic e(Ix) is equal to 1) after repeating deformations, but not 
necessarily by once deformation. See [KaJ [MJ. 

Now consider the decomposability of elements of SL(2, Z). In what follows, we 
denote by the standard monodromy matrix of a singular fiber X by Ax- We write 
p T = rpr" 1 , a conjugacy of p. 



Splittability of II 

II -> h + h 



sos 2 = A h ■ A]l 



SqS-2 



Splittability of III 



/// 
III 
III 



h 



-)• h + h + h 
-»• h + h 



Splittability of IV 



IV 


— >■ 


II + 11 


IV 


->■ 


II + h + h 


IV 


-)■ 


h- 


Vh + h + I 


IV 


-)■ 


h- 


VII 


IV 


-> 


h- 


hh + h 


IV 


-> 


III + h 


IV 


-> 


h- 


h/l 



s s 2 so = A n ■ A h 
s o s o 1 S2Sq = A l2 ■ A s £ 

(s s 2 sq) 2 = A n ■ A n 



sls 2 (s s 2 )s 2 1 = A h ■ Afj 



S0S2S0S2 = Am ■ A S ° S2 
slso 1 s 2 s = Am ■ A s j\ 
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Proposition 4.6. IV does not admit the following decomposition: 

IV — > J 2 + I 2 

Proof. If IV splits into I2 + X, then for a monodromy matrix A = ( ^ ) of 



is a monodromy matrix of 77*. Accordingly B is conjugate to 



1 
-1 -1 

Denoting by Tr(A) (resp. Tr(7?)) the trace of A (resp. 73), we have Tr(7?) 
Tr(A) + 2c. Since Tr(7?) = —1, we have 



Tr(A) = -1 mod 2. (4.4) 

If A is conjugate to the standard monodromy matrix of I2, then Tr(A) is equal to 
2, which contradicts (14. 4p . Thus the assertion is confirmed. □ 

• In the deformation (5.3) (see p. 19), the type of the subordinate fiber is either 
(i) II, (ii) I2 or (iii) Ii + Ix. Now, by Proposition I4.6[ we can eliminate the 
case (ii). Hence: 

(5.3) IV — > I 2 with (II or I x + I x ) 



Splittability of 77* 

IF -^IV*+II (s s 2 ) 4 (s s 2 ) = A IV * ■ A n 

IP I* + h + h (s s 2 ) 3 (s ) 2 (s^s 2 s )s 2 = Aj* ■ A% ■ Af^ 

IP ->• h + h + h + h + h + h 

s 5 (s^s 2So ) SoS2 s 2 s = A h ■ A 1 * ■ A h ■ A]^ ■ A]^ ■ A h 



IP ^h + h + h sl{sfs 2 sl)(s l s 2 2 s Q s 2 2 s ) = A h ■ A s ° ls2 ■ Af s " 



Proposition 4.7. 77* does not admit the following decompositions: 

IP — > / 8 + 77 
IP — ► I 8 + h 

Proof. This is showed by the same argument as that used in the proof of Propo- 
sition WM □ 

• In the deformation (2.7) (see p. 19), the type of the subordinate fiber is either 
(i) 77, (ii) I 2 or (iii) I x + I\. Now, by Proposition 14.71 we can eliminate the 
case (i) and (ii). Hence: 

(2.7) 77* — ► I 8 with h + h 
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Splittability of IIP 



-i 



III* 


— >■ 


It + h 


III* 


-> 


I* + h + h + h 


III* 


-)■ 


I7 + I1 + p 


III* 


-)■ 


k + n + h 


III* 


-> 


h + p + h 


III* 


-)■ 


P+P+P+ p 



s 2 (s s 2 ) s s 2 s = Aj 2 v * ■ A h 
{s Q s 2 ) 3 s Q s 2 s = A IS ■ A h ■ A]l S2 ■ A h 

sl{s^s 2 sl){sfs 2 sl) = A h ■ a£ 52 ■ Af s > 

s 6 (s» 5 s s 2 sl)(s» 2 s 2 sl) = A h ■ Af^ ■ Af S2 

h ' A h 



s&sfa^M*?) = A l6 ■ Af S2 ■ A s > 



Proposition 4.8. ///* does not admit the following decompositions: 

III* — > I 7 + II 
IIP ^I 7 + I 2 

iip — > i 6 + in 
in* — > / 6 + / 3 

Proof. This is showed by the same argument as that used in the proof of Propo- 
sition ECU □ 

• In the deformation (4.7) (see p. 19), the type of the subordinate fiber is either 
(i) II, (ii) I 2 or (iii) p + p. Now, by Proposition I4.8[ we can eliminate the 
case (i) and (ii). Hence: 

(4.7) IIP — ► I 7 with h + h 

• In the deformation (4.8) (see p. 19), the type of the subordinate fiber is either 
(i) III, (ii) J 3 , (iii) II +h, (iv) I 2 + h or (v) h + h+p. Now, by Proposition 
I4.8[ we can eliminate the case (i) and (ii). Hence: 

(4.8) IIP — > h with (// + P, I 2 + h or h + P + P) 

Splittability of IV* 

IV* -> / * + /i + /i (sqs 2 ) 3 s s 2 = A* Io ■ A h ■ Af^ 2 

IV* -> h + P + P s 6 Q (s^sos 2 s 4 )(s 1 s 2 s ) = A h -Af I 3s2 -A s I l 

Proposition 4.9. IV* does not admit the following decompositions: 

IV* — >h + II 
IV* ^h + I 2 

Proof. This is showed by the same argument as that used in the proof of Propo- 
sition mi □ 

• In the deformation (6.3) (see p. 19), the type of the subordinate fiber is either 
(i) 77, (ii) I 2 or (iii) p + p. Now, by Proposition I4.9[ we can eliminate the 
case (i) and (ii). Hence: 

(6.3) IV* — > I 6 with P + P 
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Splittability of J* 

J* -» h + h + h 

I* -> h + II + h 
I* -> /3 + /1 + /1 + /1 

Proposition 4.10. Jq does noi admit the following decompositions: 

I* — ► / 4 + // 
J* — > I 4 + I 2 

j* — > / 3 + jjj 
j* — ► i 3 + 1 3 



sfc 2 W)* 2 = A /3 • Af^ ■ Af^ 



Proof. If Iq splits into X x + X 2 , then for monodromy matrices Aj (i = 1, 2) of X 4 , 
we have —J = A 1 A 2 , that is, 

A = -Aj 1 . 

In particular, Tt(Al) = —Tr(A 2 ). Noting that Tr(Aj) is determined by the type of 
Xj. this confirms the assertion. □ 

Proposition 4.11. Jq does not admit the following decomposition: 

I* — > J 3 + h + h 

Proof. If Iq splits into J3 + X\ + X2, then for monodromy matrices Ai (i = 1, 2) of 
Xj, we have —J = I 3 AiA 2 . So 



1 3 
1 



In particular, writing A\ = ( ^ ^ / ' ^ r ^ 1 '' ^ c = ~ Tr(A2) holds. Note that 

the traces of the standard monodromy matrices of I 2 and h do not satisfy this 
condition. Thus the assertion is confirmed. □ 

• In the deformation (7.1) (see p. 19), the type of the subordinate fiber is either 
(i) II, (ii) I 2 or (iii) h + h. Now, by Proposition I4.10[ we can eliminate the 
case (i) and (ii). Hence: 

(7.1) Iq — > h with h + h 



In the deformation (7.2) (see p. 19), the type of the subordinate fiber is either 
(i) JJJ, (ii) J 3 , (iii) JJ+Ji, (iv) J 2 +Ji or (v) h+h + h. Now, by Propositions 
14.101 and 14.111 we can eliminate the case (i) (ii) and (iv). Hence: 

(7.2) J* — ► J 3 with {II + h or h + h + h) 
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Splittability of I* 

T* _v T _l_ 7~ _l_ 7~ a a 2 a e -2 e n + 4 — A S 0S2 /l^O^a A 

I n ~^ 1 n+A + H + H S 2 S Q S 2 S S Q — Aj i A In+4 

Proposition 4.12. I* does not admit the following decompositions: 

I* — > I n +4 + II 

In In+4 + h 

Proof. This is showed by the same argument as that used in the proof of Propo- 
sition mi □ 

• In the deformation (8.2) (see p. 19), the type of the subordinate fiber is either 
(i) 77, (ii) J 2 or (iii) I%+ I\. Now, by Proposition I4.12[ we can eliminate the 
case (i) and (ii). Hence: 

(8.2) I* — > I n+4 with I x + h 



4.3 Singularities of subordinate fibers 

We next consider the numbers of the subordinate fibers appearing in a barking 
family and their singularities. In fact, the upper bounds of them are determined 
by the data of the simple crust. Moreover if it satisfies some condition, then 
we may determine the numbers. Note that this observation depends on barking 
deformations, while that in the previous subsection does not. 

Let 7r : M — > A be a linear degeneration of complex curves with a stellar 
singular fiber X = m ©o + Y^j=i^ r ^ ■ If there exist a simple crust Y of X , 
then we may construct a splitting family of ir : M — > A, which is called a barking 
family associated with Y (see Theorem 12 .6p . Suppose that Y = n Q + ^=1 b r 
is a simple crust of X with barking multiplicity /. 

Recall that each subbranch of Y is of type Ai, Bi or C\. A subbranch br is 

said to be proportional if m n^ = n m^ (equivalently no/m = nj[ /mf 3 = ■ ■ ■ = 

riv /rriu )■ Note that any proportional subbranch in simple crusts is of type A\. 

Indeed, any proportional subbranch of type B\ is of type Ai, and no proportional 

— U) 

subbranch is of type Ci. Moreover any proportional subbranch br has the same 

length as that of Br^ (that is, = A^). 

The following result is important in order to investigate singularities of subor- 
dinate fibers ( |Ta3] Proposition 16.2.6): 

Lemma 4.13. Suppose that ^ : Ai — > A x A' is a barking family of the degen- 
eration 7r : M — > A associated with a simple crust Y . Then any subordinate fiber 
of is a reduced curve only with A- singularities. Moreover these singularities lie 
(a) near the core or (b) near the edge of each proportional subbranch^ if it exists. 



5 An A^-singularity is a singularity analytically equivalent to y 2 = 

6 Precisely speaking, the irreducible component (which is a projective line) at the end of the 
branch corresponding to each proportional subbranch. 
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Remark 4.14. Lemma [4.131 states that any subordinate fiber in barking families 
is a reduced curve only with isolated singularities, which ensures that none of 
ml n (m > 2), IV* , III*, II* and ml* (m > 2) appears as a subordinate fiber. 

Singularities near proportional subbranches We will describe the singu- 
larities of subordinate fibers near a proportional subbranch. Let 7r : M — > A 
be a linear degeneration of complex curves with a stellar singular fiber X and 
$ : Ai — > A x At be a barking family associated with a simple crust Y with bark- 
ing multiplicity /. Suppose that Y has a proportional subbranch br of a branch Br 
of X . First recall that near the branch Br, Ai is given by the following data (see 
Chapter 7): for % = 1, 2, . . . , A, 

K . . ^-i-^-^^-ini^-i^ + _ s = 0> in x C x A x At, 

: cr" Zni (^r +l cr + - « = o, m ^ x c x a x At. 1 ■ ] 

Note that substituting t = into (14.5)) . then we obtain (12.21) . 

For fixed (s,t) G A x At, we consider a fiber X S)t = \l/ _1 (s,£) of The 
following is required: 

Lemma 4.15. Let m,n,l be positive integers satisfying m — In > and m',n' 
be nonnegative integers satisfying ml — In' > 0. Set h(z,() := f(z p ( p ) for a 
non-vanishing holomorphic function f and positive integers p,p' (p < p'). Then a 
complex curve C S)t in C 2 defined by 

C s>t : zm'-ln'^-m-ln^n'^n + _ g = q 

is singular if and only if 

(1) s — or 

(2) m> = n> = and ( % = ( l -^^tc) *, 

\ In J \ m J 

where c := /i(0, 0) and m and n are t/ie relatively prime integers satisfying n/rh = 
n/m. In the case (2), (z,() G C S) t is a singularity exactly when z = and £ n = 



Lemma [4.151 ensures that the hypersurface 

n' x \ st : C^CC + ^A)' -8 = 0, inV x xCx {s} x {t} , 

has singularities, while the other hypersurfaces do not. In what follows, we write 
m := m\ and n := n\ for clarity. 

For fixed t ^ 0, the equation (^j^) ln s n = (^r^c)" 1 f° r s nas " solutions, 
say si, S2, ■ ■ ■ , Sn- Noting that (0, £) satisfying £™ = <n ~ m tc is a singularity of 
^a| s t ^ or some s fc, each "H;J S t nas ( = gcd(m,n)) singularities respectively. 

This result is summarized as follows: 



26 



Proposition 4.16. Let tx : M — > A be a linear degeneration of complex curves 
with a stellar singular fiber Xq and let \l/ : Ai — > A x be a barking family 
associated with a simple crust Y with barking multiplicity I. Suppose that Y has 
a proportional subbranch br^ of a branch Br^ of X . Write Br J := m A + 
mi©i + m 2 2 H — ■ + m\Q\ and br := n A + niGi + n 2 &2 H — • + n\Q\ and let 
rh and n be the relatively prime integers satisfying n/fh = n\/m\. Then for fixed 
t 0, there exist n subordinate fibers that have singularities near the edge o/Br^. 
Moreover, each subordinate fiber has n/n (= gcd(m, n)) singularities near the edge 
o/Br (i) . 

Singularities near the core Next we will describe the singularities of subordi- 
nate fibers near the core. 

Let 7r : M — > A be a linear degeneration of complex curves with a stellar 
singular fiber X = m G + Y%=i Br(i) anci let * : M 

— > A x A^ be a barking 

family of the degeneration ir : M — > A assosiated with a simple crust Y = no Go + 
Ej=ibr (j) . Write B7 (j) = m A^ + m^B? + ■■■ + m%e%, br" 0) = tiqA^ + 

rij 81 + • ■ ■ + n^G^yj and let p^') be the attachment point on Q with Br^. 
Recall that the local expression of Ai near the core Qq is given by 



a{z)( m °- lno (C° + t d T{z)) 1 - s = in iV x A x A t , (4.6) 

where a is the standard section of N®^ on Go and r is a core section on Go of 
Y. Substituting t — into ( 14. 6 j) . then we obtain (12. lft for i — 0. Note that cr has 
a zero of order at p^, while r has a pole of order nf at p^. Suppose that 
t has a zero of order dj at % (z = 1, 2, . . . , k) on Go- 

Fixing s,t ^ 0, consider a fiber X S)f := \^ _1 (s,t) in * : M -> A x At Set 

F := a(z)C m °~ ln ° (C"° + t d r(z)) 1 . Then (z, £) G is a singularity precisely when 
£ z F{z,() = -^F{z, C) = 0, equivalents 

'C mo " ino (C° + t d r(^))'- 1 (ff 2 (^)C 10 + t d (<7*(*M z ) + Zo-(z)r z (z)) = 0, 
^mo-ino-i^no + ^^y-i^ (m ( no + (m - Zn )^(z)) = 0, 

where cx^ := -^a and r z = 4-r. Setting K(z) := n cr 2 (z)T(,2) + m o cr(z)r z (z)0, then 
we have 

= 0, a(z) + 0, r(*) ^ (4.7) 

fa °~ m ° t^). (4.8) 
m 

Since points (2, C) i n Xs,t satisfy ( 14. 6p . substituting ( 14. 8 p into ( 14. 6p . we have 

inn 




nit) 



Iuq — m 
Hence: 

7 Note that if (z) is not a function on 0n but a meromorphic section of a line bundle iVg ™ m ' C 
fig, on 9q, where fig, is the cotangent bundle of 0n. 
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Lemma 4.17. Fix t 7^ 0. A point {z,() E N is a singularity of some subordinate 
fiber X S j if and only if the following is satisfied: 

K(z) = 0, a(z) + 0, t(z) ± 0, (4.9) 

C = l ^^t d r{z). (4.10) 
m 



In this case, the subordinate fiber X Sjt satisfies 



1 ln — m 



l a(z)( m °. (4.11) 



We call a zero of K(z) satisfying the condition (14.91) an essential zero. Com- 
bining (14.101) and (14.111) . we have 

S *° = ( _^V nC ( l J^^Y t d ^r{zr\ (4.12) 
\ln -m J \ m J 

where rho and no are the relatively prime integers satisfying no/mo = no/niQ. 
For an essential zero a of K(z), clearly this equation for s has n Q solutions, 
say si, «2j • • • , Sho- On the other hand, the equation (I4.10p for ( has n solu- 
tions, say 0x, /?2> • • • , /?n ) which implies that n /n = gcd(m ,?i.o) points among 
(a, (a, 2 ), ■ ■ ■ , (a, (3 no ) lies on one of subordinate fibers X Sljt , X S2jt , X SnQ)t . 

Lemma 4.18. Let a be an essential zero of K(z). Then there exist no subordinate 
fibers that have a singularity with z-coordinate a. Moreover the number of such 
singularities of each of them is n /n . 

dlog(a n °T m °) 

Next we express K{z) = aru, where uj(z) := . Here w is a 

meromorphic section of the cotangent bundle Qq o on Go- For u(z), the following 
holds: 

(1) u>(z) has a pole of order 1 at p^ if mon^ — m^no ^ 0, whereas uj(z) is 

holomorphic at if m^nf^ — rnf^no = 0. 

(2) oj(z) has a pole of order 1 at qi for % = 1, 2, . . . , k. 

Set J := jj | m n^ — m^n = oj C {1,2, ... ,h} (so br^ is a proportional 
subbranch for j G Jo). Then 



K{z) = 
a(z) 0, 
r{z) ^ 



L0(z) = 0, 

z^pj (j E J ). 



Lemma 4.19. Set v := jj^Jo and denote by go the genus of @ . Then 

oxd a {K{z)) = (h-v) + k + (2g - 2) - ord P w (")■ 
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We set x '■= (h — v) + k + (2g — 2) — J2jej Q 0T ^ P U) (w), which is called the core 
invariant. From Lemma [4.191 we have: 

Corollary 4.20. 

(the number of essential zeros of K(z)) < Xi 
where the equality holds precisely when the order of any essential zero equals 1 . 

Where n is the number of essential zeros of K(z), let ai, a 2 , ■ ■ ■ , a K be the 
essential zeros of K(z). We denote by R the number of the distinct values of the 
set {a(aj) n °T(aj) m ° | j? = 1,2,..., n}. Note that if o>i and atj satisfy 

then the equations (14.121) for s in the cases z — ai and z = atj coincide, so that 
they have the same no solutions. Thus, for fixed t ^ 0, there exist noR subordinate 
fibers that have singularities near the core. This result together with Lemma 14.181 
and Corollary 14.201 confirms the following: 

Proposition 4.21. For fixed t ^ 0, 

(1) (the number of subordinate fibers with singularities near @ ) < n X; 

where the equality holds precisely when the order of any essential zero equals 
1 and R — K. 

(2) (the number of singularities near Bo on each subordinate fiber) < -^-x> 

'no 

where the equality holds precisely when the order of any essential zero equals 
1 and R = 1. 

The case that Y has no proportional subbranch Now we return to the 
grobal observation. Let 7r : M — > A be a linear degeneration of complex curves 
with a stellar singular fiber X = ni o 0o+^j=i Br^. Suppose that X has a simple 

crust Y = no6o + Y^j=i t ,r<J ' ) °f with barking multiplicity I. Let $ : M -> A x 
be a barking family of 7r : M — > A associated with Y. We define the core invariant 
X of Y by 

X := (h - v) + k + {2g - 2) - ^ ord pU) {u), 

where J := |j | m n^ — m^n = oj C {l,2,...,h}, v := #J (that is, the 

number of proportional subbranches of Y), u := j- log(cr n °r m °) and go is the 
genus of Go (see Lemma 14.191) . 

First we consider the case that Y has no proportional subbranch. Then Lemma 
14.131 ensures that singularities of subordinate fibers lies only near the core. Note 
that x = h + k + (2g Q - 2). 

Lemma 4.22. Suppose that Y has no proportional subbranch. Set c := gcd(mo, no) 
and no := no/c. If x — 1; then for fixed t ^ 0, the following holds: 
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(1) 7c t : M t — > A contains n subordinate fibers. 

(2) Each subordinate fiber in 7r t : M t — > A has c singularities. 

(3) The number of singularities of all the subordinate fibers in 7i t : M t — > A is Uq. 

Proof. From Corollary 14.201 (the number of essential zeros of K{zf) < x- Since 
K(z) has at least a zero, by assumption, we have 

(the number of essential zeros of K(z)^j = 1, 

which implies that K{z) has just one zero of order 1. Then from Proposition 14.211 
we have 

(the number of subordinate fibers in ir t : M t — > A) = n , 

(the number of singularities on each subordinate fiber in 7r t : M t — > A) = c, 

confirming (1) and (2). Clearly (3) follows from (1) and (2). □ 
In particular: 

Proposition 4.23. Suppose that (a) Bo is a projective line, (b) X has three 
branches, (c) the core section r has no zero and (d) Y has no proportional sub- 
branch. Set c := gcd(m ,n ) and n := n /c. Then for fixed t ^ ; the following 
holds: 

(1) 7T t : M t — > A contains no subordinate fibers. 

(2) Each subordinate fiber in ir t : M t — > A has c singularities. 

(3) The number of singularities of all the subordinate fibers in ir t : M t — > A is n . 

Proof. By assumption, we have go — 0, h = 3, k = 0, and so x — 1- It is immediate 
from Lemma 14.221 □ 

Remark 4.24. By Lemma 12. 5[ the condition (c) is restated as "ro = r' holds," 
where r := Y^j=i ""4"'V m o an d r' := X]j=i n i J V n o- 

• In the deformations (3.2) and (4.2) (see p. 19), the type of the subordinate 
fiber is either (i) II, (ii) I 2 or (iii) Ii + Ii. Now, applying Proposition 14. 23} 
it is easy to see that there appears just one subordinate fiber which has two 
singularities. Hence: 

(3.2) m — ► h with I 2 
(4.2) III* — > I* with I 2 
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• In the deformations (5.2) and (6.2) (see p. 19), the type of the subordinate 
fiber is either (i) /J, (ii) I 2 or (iii) I x + I x . Now, applying Proposition I4.23[ 
it is easy to see that there appear two subordinate fibers each of which has 
one singularity. Hence: 

(5.2) IV — ► h with h + h 
(6.2) IV* — y I* with h + h 

• In the deformations (4.4) and (4.5) (see p. 19), the type of the subordinate 
fiber is either (i) III, (ii) I 3 , (iii) II + I u (iv) I 2 + h or (v) h+h + h- 
Now, applying Proposition I4.23[ it is easy to see that there appear three 
subordinate fibers each of which has one singularity. Hence: 

(4.4) III* — y I* with h + h + h 

(4.5) III* — y h with h + h + h 

• In the deformation (2.4) (see p. 20), applying Proposition S23J it is easy to see 
that there appear five subordinate fibers each of which has one singularity. 
Hence: 

(2.4) IP — >_ h with Ix + A + + A + h 

The case that Y has a proportional subbranch Next we assume that Y has 
a proportional subbranch. 

Proposition 4.25. Suppose that (a) 0o is a projective line, (b) Xo has three 
branches, (c) the core section t has no zero and (d) Y has a proportional subbranch 

br ^ = 72 Ao + ni©i + n 2 62 + ■ ■ • + n\Q\ of Br^\ Then br^ is the unique 
proportional subbranch ofY. Moreover for fixed t ^ 0, the following holds: 

(1) 7T t : M t — > A contains fi\ subordinate fibers. 

(2) Each subordinate fiber in 7Tt : M t — > A has c singularities. 

(3) The number of singularities of all the subordinate fibers in irt '■ M t — > A is n\. 
Here c := gcd(mA,n A ) and n x := n x /c. 

Proof. By assumption, we have go = 0, h = 3, k = 0. Thus 

X = 1 - v - oro V> ( w ) 

= 1 -^( ord ^)M + 1 )- 

j&Jo 

Recall that uj(z) is holomorphic at p^ for j G Jo (that is, m^nf^ — m^n^ = 0), 
which means that ord p (j) (u>) > 0. Since x > 0, we deduce ord p (j) (u>) = and 
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v — 1. Hence br is the unique proportional subbranch. Noting that x = 0; from 
Proposition 14.211 any subordinate fiber in ir t : Mj — > A has no singularity near 

the core Oo but near the edge of Br^. Therefore Propositon 14.161 confirms the 
assertion. □ 

• In the deformation (2.2) (see p. 19), the type of the subordinate fiber is either 
(i) II, (ii) I2 or (iii) I\ + I\. Now, applying Proposition 14.251 it is easy to 
see that there appears just one subordinate fiber which has one singularity. 
Hence: 

(2.2) II* — ► IV* with II 

• In the deformation (2.3) (see p. 19), the type of the subordinate fiber is either 
(i) 77, (ii) I 2 or (iii) Ii+ 1\. Now, applying Proposition 14.251 it is eas Y to see 
that there appears two subordinate fibers each of which has one singularity. 
Hence: 

(2.3) II* — ► I* % with I x + h 
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